The skewness of a graph G is the minimum number of edges in G whose deletion results in a planar graph. We prove some results concerning the skewness for the join of two graphs. We then use these results to determine completely the skewness of complete k-partite graphs for k = 2, 3, 4.
Introduction
The skewness of a graph G, denoted sk (G) , is the minimum number of edges in G whose deletion results in a planar graph. As such, it is another parameter that measures how non-planar a graph is. Moreover, it has many applications such as in VLSI circuit routing. It is also associated with the Maximum Planar Subgraph Problem (see [5] for more details). The problem of deciding the skewness of a given graph is known to be NP-complete (see [6] ). The skewness of some well-known families of graphs has been calculated (see [2] for an account of this). The skewness for some generalized Petersen graphs has also been determined (see [1, 3] ).
Suppose that the graph G has p vertices, q edges, and girth g. Assume first that G is a plane graph with f faces. Then we know from Euler's polyhedron formula that p − q + f = 2. Since every face is bounded by at least g edges, it follows from the Hand-Shaking Lemma for a plane graph that 2q ≥ gf . Consequently, we have q ≤ g g−2 (p − 2). Therefore, in the event that G is a non-planar graph, we must have q − sk(G) ≤ (p − 2)⌉, and call the graph G π -skew if sk(G) = π(G).
Clearly, if G is π -skew, then G contains a planar subgraph H with p vertices and ⌈ g g−2 (p − 2)⌉ edges. In particular, if G is π -skew and is of girth 3, then H is a spanning maximal planar subgraph of G. Hence it is not difficult to show that the complete graph K n is π -skew, as one can always construct a maximal planar graph with n vertices.
As for the complete bipartite graph K m,n , one could obtain a spanning planar graph by deleting (m − 2)(n − 2) (which is equal to π (K m,n )) edges from K m,n (see [2] ). Hence K m,n is π -skew. Another example of a π -skew graph is given by the n-cube whose skewness has been determined in [4] .
Theorem 1. Suppose that G is a complete graph or a complete bipartite graph. Then G is π -skew.
In the rest of this paper, we determine completely the skewness of the complete k-partite graphs for k = 3, 4. This is done by first establishing some results concerning the skewness for the join of two graphs and then applying the results on the complete multipartite graphs.
Join of graphs
Suppose that G and H are two graphs. By the join of G and H, denoted G + H, we mean the graph with 
Proof. Note that G 1 + G 2 contains a subgraph K p 1 ,p 2 whose skewness is π (K p 1 ,p 2 ) = (p 1 − 2)(p 2 − 2) by Theorem 1. In order to obtain a spanning planar subgraph of G 1 + G 2 , we need to delete at least sk(G 1 ) edges from G 1 , at least sk(G 2 ) edges from G 2 , and at least (p 1 − 2)(p 2 − 2) edges from K p 1 ,p 2 . But this means that sk(
and the lemma follows.
A direct consequence is the following. Let K n denote the complement of the complete graph with n vertices.
Corollary 1. Let G be a connected graph on p vertices. Then
We shall now introduce two techniques, which we call vertex-triangulation of a face and building faces on a given edge. These techniques will be used throughout the rest of the paper. 
, and it is routine to check that sk(G)
we do the following. Consider the plane subgraph H of G (from the second paragraph) and vertex-triangulate each of the 2p − 4 faces of H. We then build fetches on a fixed edge of H with each of the remaining t = s − 2p + 4 vertices. The resulting graph J is planar, and clearly has p + s vertices and 3(2p
This completes the proof. Theorem 2 can be used to generate infinitely many π -skew graphs recursively. We do not know the answer in general. Some special cases are considered in the next section.
Complete tripartite graphs
If a graph G has girth 4, then it is not true in general that 
However, for the special case when G is the complete bipartite graph K m,n , where 2 ≤ m ≤ n, it has been shown in [2] 
Also, it was believed that sk(H) = π(H) + 1. We shall now determine completely the skewness of K m,n,r with the use of Theorem 2. Here, a much easier proof (than the one given in [2] ) for the case n ≤ s ≤ m + n − 2 is also provided. 
Proof. If m = 1 = n, then G is a planar graph, and hence sk(G) = 0.
It has been shown in [2] that sk(
Hence there is a planar spanning subgraph H of K m,n obtained by deleting (m − 2)(n − 2) edges from K m,n .
Since H has m + n vertices and 2(m + n − 2) edges, it has m + n − 2 faces, where each face is of length 4. Draw H on the plane with m + n − 2 faces.
Assume first that r > m + n − 2, and write r = m + n − 2 + t for some integer t > 0. Then vertex-triangulate each face of H and follow this by building t fetches on a fixed edge of H. The resulting planar graph J is a spanning subgraph of G, and
On the other hand, by Corollary 1, sk(G) ≥ (m−2)(n−2)+(m+n−2)(r −2). Clearly, (m−2)(n−2)+(m+n−2)(r −2) = π (G) + r + 2 − m − n. This proves that sk(G) = π(G) + r + 2 − m − n in this case.
Next, assume that r ≤ m + n − 2. To show that sk(G) = π(G), we just need to show that there is a spanning maximal planar subgraph M of G. To do this, we shall construct a plane graph H m,n,r on m + n vertices having r faces so that H m,n,r is a subgraph of K m,n . Then, by vertex-triangulating every face of H m,n,r , we obtain the required planar graph M. 
The graphs H 5,5,5 and H 5,7,9 are depicted in Fig. 1(a) and (b) , respectively. Note that the numbers of vertices and edges in H m,n,r are m + n and m + n + r − 2, respectively. Hence the number of faces in H m,n,r is r (by Euler's polyhedron formula).
This completes the proof.
Complete 4-partite graphs and more
We now apply the results developed in the previous sections to determine completely the skewness of complete In [2] , it was shown that, if G is the complete r-partite graph K 2,2,...,2 , where r ≥ 2, then G is π -skew. The following result generalizes this.
Corollary 3.
Suppose that G is the complete r-partite graph K n,n,...,n , where n ≥ 1 and r ≥ 2. Then G is π -skew. Proof. When n = 1, G is the complete graph K r , and hence is π -skew. So we may assume that n ≥ 2.
When r = 2, sk(G) = π (G) by Theorem 1. So we may assume that r ≥ 3. When n = 2 and r = 3, we see that G is a maximal planar graph, and hence is π -skew. By Corollary 2 and by induction on r, it follows that, if G is the complete r-partite graph K 2,2,...,2 , then sk(G) = π(G).
So we may assume that n ≥ 3. By Theorems 1 and 3, K n,n and K n,n,n are π -skew. By Corollary 2 and by induction on r, it follows that K n,n,...,n is π -skew.
By Corollary 3 and Theorem 2, we have the following. (r + 1)-partite graph K n,n,. ..,n,m , where n ≥ 1 and r ≥ 3. Then
Corollary 4. Suppose that G is the complete
Therefore it follows directly from Corollary 4 that sk (K 1,1,1,m ) is equal to 0 if m ≤ 2 and is equal to m − 2 otherwise.
Proposition 1. Let G be the complete 4-partite
Proof. Note that G ∼ = K 1,1,m + K n and that K 1,1,m can be drawn on the plane with m + 1 faces, where two of them are 3-faces and m − 1 of them are 4-faces. If we do a vertex-triangulation on each face followed by building fetches on some fixed edge, the result follows.
A natural question arises. What is the skewness of the complete (r + 2)-partite graph K 1,...,1,m,n (which can be written as K r + K m,n ), where r ≥ 3? A more general result is given below. 
Theorem 4. Let G be a connected graph on p vertices with girth 3. Suppose that sk(G)
= π(G) and m ≤ n. (i) Suppose that m ≤ 2p − 4. Then sk(G + K m,n ) =  π (G + K m,n ) if n ≤ 2(p + m − 2) π (G + K m,n ) + n − 2(p + m − 2) otherwise. (ii) Suppose that m > 2p − 4. Then sk(G + K m,n ) =  π (G + K m,n ) if n ≤ 4(p − 2) + m π (G + K m,n ) + n − m − 4p + 8 otherwise.
Proof. (i) This follows directly from Theorem 2, since
If n > 4(p − 2) + m, then, to the resulting maximal planar subgraph obtained above, build fetches on a particular edge to get a planar subgraph with p + m + n vertices and 7p + 4m + 2n − 14 edges. This shows that sk(
On the other hand, since
This completes the proof. 
Proof. If n ≤ r ≤ m + n − 2, then K m,n,r is π -skew by Theorem 3. As such, by Theorem 2, sk(K 1,m,n,r ) = sk(K m,n,r + K 1 ) = π (K 1,m,n,r ).
Suppose that r > m + n − 2. Then K 1,m,n,r = K 1,m,n + K r . By Theorem 3, we have sk(K 1,m,n ) = (m − 1)(n − 2). In proving that sk(K 1,m,n ) = (m − 1)(n − 2), the authors in [2] showed (by construction) that there is a spanning planar subgraph J 0 of K 1,m,n obtained by deleting (m − 1)(n − 2) edges from K 1,m,n . It turns out that J 0 has 2m + n − 1 faces, where 2m of them are 3-faces and n − 1 of them are 4-faces. For ease of reference, the graph J 0 is described here. Take a vertex x and join it to the vertices v 1 , v 3 , . . . , v 2m−1 of the path v 1 v 2 . . . v 2m−1 . Then join a new vertex y to all the vertices v 1 , v 2 , . . . , v 2m−1 , x. Now build fetches on the edge xy with n − m vertices to get the graph J 0 .
If r ≤ 2m + n − 1, then we may first use n − 1 new vertices to vertex-triangulate each 4-face of J 0 , and then use the remaining r − n + 1 vertices to vertex-triangulate each 3-face of J 0 . The resulting graph is a maximal planar graph on 1 + m + n + r vertices. Hence sk(G) = π (G) in this case. Now consider the case r > 2m + n − 1. First, we construct a maximal planar graph by vertex-triangulating each face of J 0 (using 2m + n − 1 new vertices), and then we build fetches on two adjacent vertices of J 0 using the remaining r − 2m − n + 1 new vertices. The resulting graph is planar, and clearly has 1 + m + n + r vertices and 5m + 4n + 2r − 4 edges. This means that sk(K 1,m,n,r ) ≤ |E(K 1,m,n,r )| − (5m
On the other hand, by Corollary 1 and Theorem 3, we have sk(
We are now left with the last family of complete 4-partite graphs to consider. (ii) Since r > m + n − 2, we have sk(K m,n,r ) = π(K m,n,r ) + r + 2 − m − n according to Theorem 3. We first assume that s ≤ 3(m + n − 2) + r.
From the proof of Theorem 3, we know that there is a spanning subgraph J of K m,n,r obtained by deleting sk(K m,n,r ) edges from it. Note that J has precisely r − m − n + 2 4-faces and 4(m + n − 2) 3-faces. Since m + n − 2 < r ≤ s ≤ 3(m + n − 2) + r, we can vertex-triangulate the 4-faces (and then the 3-faces if necessary) to obtain a spanning maximal planar subgraph H 1 of K m,n,r,s . This proves that sk(G) = π (G) in this case. Now assume that s > 3(m + n − 2) + r. Then, to the maximal planar graph H 1 , we build fetches on two adjacent vertices of H 1 with s − 3(m + n − 2) − r new vertices. This means that sk(K m,n,r,s ) ≤ π (K m,n,r,s ) + s − 3(m + n − 2) − r.
On the other hand, by Corollary 1 and Theorem 3, we have sk(K m,n,r,s ) ≥ π(K m,n,r,s ) + s − 3(m + n − 2) − r.
Conclusion
We have determined completely the skewness of the complete k-partite graph for k = 2, 3, 4, and hence characterized all such graphs which are π -skew. The same techniques can probably be used to determine the skewness of complete k-partite graphs for k ≥ 5. However, when k gets larger, one might need to develop further techniques in order to reduce the number of cases that need to be considered and to overcome the large amount of computation involved.
